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Model Order Reduction of time-dependent models

Objectives:
Set of .
input-output pairs Data-driven
I/\/ | (@0, 5,0"% MOR I oo
Reduced Order Model (x € R") u(t)
i) =), teom |/
x(0) =xg
y(t) = glx(t), te(o,T] \
y(t)
) scalar st
]\‘_/\'M outputs V% t
L0 Possible issues Desired features: I&
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Learning mathematical models from data

Challange: How to automate this process?
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Data-driven modeling of time-dependent processes

u(t) ® . .
y - Displacement of a control point
- Generated power of a plant
I/\k/\ —_— ? I I /\,’ - Revenues of a company
[ ] \ .
>t | >t - Number of infected people
' - Blood pressure
scalar outputs -

- Control of an engine

- Wind strength

- Price of an asset

- Strength of a social measure
- Dose of a farmakon
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Learning time-dependent differential equations

1. Training input-output pairs:

2. Candidate models class:

3. Best-approximation problem:

0 How to select the sets of
candidate functions?

0 How to solve the best-
approximation problem?

U €U =C%([0,T;U) inputspace, where Uc RW
€ ¥ =C%0,TL;Y) outputspace, where y c RW

neRr

feFCF,:= {f € C°(R" x U;R"), Lipschitz cont. in x uniformly in u}
g8cG CGpi=CUR™Y)

Xo EXC X =R"

{*(t) = f(x(t), u(t), te(0,T] It uniquely identifies a map:

x(0) =X
x- U=V
D) = gx(®),  te(o,T], Pex O

OFY = {cpfg,mecbst fefgegxoex}

@* = argmin —Z/ vi(t) — (u;) (t)|2dt

(Peq;}‘g X

Or, equivalentely:

(R min 350 Jo WD —y(0Pdt

lst x;(t) = f(x;(t),u;(t), te(0,T], j=1,..,Ns
x{(0) =Xo, j=1,..,Ns

\ yi(t) =g(x;(t)), te(0,T], j=1,..,Ns
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Universal approximation

Theorem (Regazzoni, Dede’, Quarteroni, JCP 2019)

Let U be compact and suppose that F C Fnand G C G, are such that for each compact set E c R™
Ve>0 VfcF, IfFcF VYxcEucl st ‘f(x,u)—f(x,u)‘gs
Ve>0 VYgeG, 38€G VxecE st |gx)-g)| <

Then, the subset of models 79 is dense in the model space ¢ nIndn:

Ve>0 Ve o 35cofi% st (o —3|epy) <&

Definition

An Artifical Neural Network (ANN) is a function: ® = Tpoo0T,_q - - -0Tq000Ty
where T; are affine functions and o is a (prescribed) nonlinear function acting componentwise

Define: FANN: the space of ANNs with n + N, input neurons and n output neurons

GANN: the space of ANNs with n and Ny, input and output neurons

Corollary

If U is compact, the space of ANN models &7 9" +*n is dense in the model space ¢FnIms

Francesco Regazzoni « BUILD-IT - 20/10/23 5



Model-Learning: architecture

. A
Input )
signals (U
> t
input ==
parameters =

output
signals
+ The recurrent part is formally similar to an ODE-net. However the dynamics of x(t) is not known a-priori.
+ The latent state x(t) provides a compact encoding of the high-fidelity model state. However, the mapping is never
explicitly constructed!
« The two ANNSs are trained simultaneously: the training algorithm selects the latent variables to
« Predict the system dynamics
- Reconstruct the output F. Regazzoni, L. Dede’, A. Quarteroni "Machine learning for fast and reliable solution

of time-dependent differential equations®, Journal of Computational Physics (2019)
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Test cases

1
(1) Systems of T
nonlinear ODEs  *® I
Fb lp =0 t=0.00
%G (9 |9 _
% 1
Q4 95. Qg g
7 e
Q|0 |9 I
Y,
0
L k)5l =1
(3 Hyperbolic PDEs Uy (t

uq (1)

wave equation
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y(®)

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

test error

N-1

t=10.01

102 ¢

error

—O— output-outside-the-state
—O— output-inside-the-state

103 : : .
1 15 2 2.5 3
n

(2) Parabolic PDEs

heat equation

JE——

F |—©— Test error (ANN)
. . .




Data-driven modeling of time-dependent processes

- Control of an engine

- Wind strength

- Price of an asset

- Strength of a social measure
- Dose of a farmakon
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Latent Dynamics Networks

My LDNet
Fgu_(orc:; ' "del (:)ONE:)  maxor - O Latent Dynamics
vz(x,t) = L(z(x,t),u(t), pn in  x (0, 5 -
{ y(0) = Glalx, ). u(th e x) im0 (0.7 s ol ] Networlk
z(x,0) = zo in Q2 = 8Wdyn8 8 § d—ts(t)
ek o/
Reduced-order model (ROM) O—0O
{ s(t) = f(s(t),u(t), p; we) in (0,7]
v(x.t) =g(s(t).,u(t), p;x;wg) in (0,7] &
a (OO0
s(0)=0 | QIS N 3
a SN H
— H @ O )
Training . = Q7 @) :
O ~ - 2 4 & O—O
argmmz Z Z ‘yt'(x?t)—y‘(x,t)‘ = %
WiV i—1teg, xeP, rec

« Latent state s(t): low-dimensional encoding of the high-dimensional HF model state
« Low-dimensional manifold discovered without the need of training an autoencoder
« Meshless representation of the space-dependent output: weights sharing

v Lightweight

LDNets never operate in the high-dimensional space v’ Easy to train
v Excellent generalization ability

F. Regazzoni, S. Pagani, M. Salvador, L. Dede’, A. Quarteroni, arXiv:2305.00094 (2023)
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Diffusion-reaction: amplitude + phase

Full-order model (FOM)

u(—=1,t) = u(1,t)
u(x,0)=0

eU(X, t) — p10xc(X, t) + pou(x, t) = f(x, t)

xe(=1,1),te(0,T]
te(0,T]
xe(=1,1)

F(x, 1) = uq(t) cos(m x — u,(t))

+ The solution is a sinusoid with the same period of f{x,t)
« At each time, the solution is fully determined by

amplitude and phase

» The solution manifold dimension is exactly 2

Are LDNets capable of learning a representation of
the solution with 2 latent states?
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Goal: reconstruct u(x,t)

Sample solution (case A)
Time-dependent input

Solution and forcing term

—— amplitude (normalized)
—— phase (normalized)

— uix, t) - FOM
——= uix, t) - ROM
— fix.t)

N N
DI

t

Full-Order Model

x

Reduced-Order Model




Diffusion-reaction: amplitude + phase

Training/validation set: Testing set: w103 NVRMSE
100 samples * 1000 sgmp[es
100 points in space * 100 points in space
100 instants in time * 100 instants in time

| 25 50 100 200 400

num. training samples

Re(3(1/2))

S1

Im(2(1/2))
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Unsteady Navier-Stokes

Incompressible
v=0 | Navier-Stokes | V=0

v=0

Goal: reconstructing the velocity field v(x,t)

Training/validation set:

~
U - 80/20 samples
—

- T=20

U - 200 points in (0, 1)2

Testing set:

- 200 samples
- T=40 (time extrapolation!)
- 400 points in (0, 1)

F. Regazzoni, S. Pagani, M. Salvador, L. Dede’, A.
Quarteroni, arXiv:2305.00094 (2023)
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6 x 103

4% 1073}
3x 1073 p

2x 1073k

1032

NRMSE

+ te[020] 1
=0~ t<[20,40] |

I hum latent states °

10

1 105k

1-p

— 1
8- tc[0,20] ]
—0— 1 £[20,40] 1

1 num latent states 5 10




Test case: Aliev Panfilov model

Goal: Learning the excitation-propagation Aliev-Panfilov model
dynamics of an excitable tissue ,
0z 0z
L0 D » i _ _ _ 3
stimulation 5t~ Do Kz(1—2)(z — a) — zw + Igim(x, 1) x €(0,L), t € (0, T],
points @ 0.5- ow TW
% — =+ H (—w —Kz(z— b —1)) xe(0,L), te(0,Tl.
g 0.0 ot f2*Z
1D substrate 0 x 100
a
oM POD-DEIM ~ AE/LSTM  AE/LSTM-c2e  AE/ODE  AE/ODE-c2e LDNet »
% 504 0.5 -_§
2
0 0.0
0 t 500 0 t 500 0 t 500 0 t 500 0 t 500 0 t 0040 t 500
b 100 100 .
10-t £
= 5l 4 ‘g
-3 _E
0 n-* N
0 ' 500 0 # 500 0 ' 500 0 i 500 0 : 0040 ' 500
E wl
0 t 500 0 t 500 0 t 500 0 t 500 0 t 0040 t 500
d 1.0 4
0.0 & e,
0 :u 1000 . L0 0 = o0 0 x 100 0 . Lo 0 = 100
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Test case: Aliev Panfilov model

a b .
NRMSE number of trainable parameters
25000
dataset dynamics
[ train decoder/ reconstruction
B test encoder
20000 1
1071 b
] 15000 ~
10000 ~
S
102 ]
] 5000 ~
T T T T T T 0 T T T T
N A & ¢ & 4 & & & &
Q 2 W \O & Q & O &
& & & W \Oo ~ Q& 2 N \OQ
\ — v
Q ¥ v%\ K ¥ v@\ &

LDNets outperform state-of-the-art approaches to learn space-time dynamics:
v' Better accuracy

v’ Better generalization (lower overfitting)

v" Fewer trainable parameters

F. Regazzoni, S. Pagani, M. Salvador, L. Dede’, A. Quarteroni, arXiv:2305.00094 (2023)
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The concept of model

U=co,T;U) inputspace, where U e RN
Y =c%[0,T];Y)  outputspace, where y ¢ RV

We call model an object mapping inputs u € U/ into outputs y € Y, satisfying the assumptions:

« Time invariance
We can assume, W.L.0.G., all experiments starting from to = 0.

- Existence of an initial state
The map is well-defined.

 Causality principle
Consistency with the arrow of time.
VU1,UZ clU Vt'e [0, T] if U1|[0]t*] = U2|[0’t*] then ((,OU1)‘[0’1»*] = (90u2)|[0,t*] (1)

« No input-output direct dependence
The output for t = 0 is the same for each experiment.

dyoeY st Vueld (pu)0)=y, (2)

Setof allmodels: & ={p:U — Y st (1)and(2) hold}

lello = supllsotllly sup sup [|(eu)(®)]y
ucld tefo,T]
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The concept of model

U =c%o,Tl;u) inputspace, where U e R
y=C%0,TlY) outputspace, where Y ¢ RV

Definition

We call model an object mapping inputs u € I/ into outputs y € ), satisfying the assumptions:
(1) Causality principle: Vu,up e YVt €[0,T] uiforg = Ualior) = (oo, = (oUa)jo,+]
(2) Existence of an initial state: Jyo €Y st. Yuel (pu)0) =y,

We define the set of all models: & = {©: 1/ — Y s.t. (1) and (2) hold}

lello = supllsotllly sup sup [|(eu)(®)]y
ucld tefo,T]

Given: « a collection of input-output pairs: {( ll;,!!j)}J o, CUXY

. aset of candidate (low-dimensional) models: & C &

Best-approximation problem

" =argmin Z/ lyi(t) — (u;) (t)*dt

(,o€¢

Questions: + Howto select ® C ¢?

« How to solve the best-approximation problem?
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Solving the best-approximation problem

We consider, W.L.0.G., the input-outside-the-state approach.

We parametrize f and g by a finite number of parameters: f(x,u; ), 8x;v)

First-Order Optimality Conditions (Lagrange multipliers method)

X; = f(x;, 0; p) Primal (forward)

Xj(O) -0 system

—z;, =VIg (v; —g(x;v)) +VIfz;  Dual(backward) Numerical resolution
{Z‘(;') = 0x v ACAREE system —  (Levenberg-Marquardt)

: -

2;11 foT va z;dt =0 Vanishing gradient

> Jo ViE (9 — gbx;v)) dt =0  condition

» Discretization of the objective functional by composite trapezoidal rule.

« Discretization of the state-equation by Forward Euler scheme.

Francesco Regazzoni « BUILD-IT - 20/10/23 19 [ 24



Test case 1: Nonlinear transmission line circuit (ODE)

p— N1y N —»+— Nonlinear diod (i = €°V — 1)
YW

1
VW : :
—~WW— Unitary resistor
u(t) T T —”— Unitary capacitator
= = - - =i = = —@— Current generator

High-fidelity model (N = 1000)

Vi(t) = —2vy(t) + vo(t) + 2 — e*0vilt) _ gh0t()—valt) 4 (t)
Vi(t) = —2vi(t) + vi_4(t) + viq(t) + @40WiaO—vilt) _ gh0lvi{t)—vin®) ~ forj=2 .. N—1
vn(t) = —vy(t) + vy_q4(t) — 1+ e*0wO-vu(®)
y(t) = wi(t) Test Error
107 | | |

A sample element of the test set ¢

0.015 —— HF model (N=1000)

= = ANN model (n=1)
= = ANN model (n=2)
ANN model (n=3)

0.01 L 5 Empirically: exponential
| 5 107°¢ ‘ convergence w.r.t.
> number of states
0.005 |

—O— output-outside-the-state
—O— output-inside-the-state

|
0 ‘ Il Il Il Il Il Il Il Il Il 10'3
0 0.1 02 03 04 05 06 07 08 09 1 1 1.5 2 2.5 3

t n

Francesco Regazzoni « BUILD-IT - 20/10/23




Test case 2: Heat equation (Parabolic PDE)

Snapshots of the solution (P2 Finite Element approximation with 3731 dof)

1.5 1.5

05F

0 0.5 1 1.5

Training Set (subset)

100 1

80 0.8

60 0.6

Oa /)
AL ane
A it 8
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Test case 3: Wave equation (Hyperbolic PDE)

y (ANN, n = 4)

y (ANN, n = 6) y (ANN, n = 8)
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Cardiac electromechanics

v 4 fion(y, r) = div (JF"DF-TVv) — FPP in Q, x (0,T)

pZd _ div(ZW+ W) +P,) =0 inQ x(0,T)
9t = g(v,r) inQ, x(0,7) 1 9 (F (W + W) +Pg)ng = 0 only x(0,T)
UF'DF-TVv) - np =0 on 9Qy x (0,T) + boundary conditions
I w = (exp (Ea be{f.sin} bap(E:a®b) 2 )

Microscale force generation

c SL=SLo\/Tyy p— —
_ F 0 ® 0
9P (p,c,SL) inQq x(0,T) [Pa = Fmax P(p)
ot ) L
wave-front propagation calcium concentration active stress
[2: Time: 1.20s 2 Time: 1.20s
~0:6,_. 15'_‘
. Wt 0f
\ " 8 ';n
R I
o 0.1 0

Time: 0.001 s |
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Model-Learning: application to multiscale problems

1 p 3

Subcellular Model Order Multiscale
modelling Reduction simulations

4 N\ 4 N
High-fidelity model Reduced order model
actin filament
validation
4. ________
T
|
myosin filament |
\_ J : \_
|
|
1
\ apriori
| knowledge Model
Learning 3D FEM

electromechanical

I model

Simulations database
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ANN-based cardiac force generation model

e N
High-fidelity model dx(t)
actin filament dt

myosin filament

2174 state variables
. J

150 training
samples

4 \
Reduced order model

dx(t)
dt

2 state variables

Results: i
v/ 1073 testing accuracy L A A A [\
v 400 x speedup

P(HF) - - - - P(ANN)] |

AW

v/ 1000 x memory saving 0 1 2 3 4
t|me [s]

.

9 10

g F. Regazzoni, L. Dedé, A. Quarteroni, Computer Methods in Applied Mechanics and Engineering, 2020
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Semi-physical (grey-box) MOR

Black-box cost functional:
N M
E2 =ay’ Z/O yi(t) — y;(0)]dt
j=1

A priori knowledge from the HF model:

(x(T;) - ) for some t*, X(t*) =X, = x(t*) =X
= ag 1 Z Z j 2 :
je 2 T fo X, ,') dt (for j € J- we have X(T;) = Xo)
E2 = a; '|f(xo, ug)[? (Xo, o) equilibrium for F - = (o, Uo) equilibrium for f

( : 10,22 22 4 1 2
min - JWgEg + awgkg + sweks

)st. xi(t) = fOxi(0), uith ), te(0, Tl j=1,..,Ns
yj(t) = xj(t) - @, t € (01 Tj]r } = 1! ceey NS
xi(0) =Xo, j=1,..,Ns.
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HF-Electromechanics vs ANN-Electromechanics

0 0.2 0.4 0.6

0 0.2 0.4 0.6

60 | —— mean | |
min
!N max

0 0.2 0.4 0.6
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HF model
ANN model
15
T
&;10
o
o}
(]
S 5
5
O 1
0 0.2 0.4 0.6
t[S]
120
__ 100
E
(0]
£ 80
=)
Ke)
>
60
0 0.2 0.4 0.6
t[s]
15
g
£10
o
>
(7}
2 5
5
. ,
60 80 100 120

volume [ml]

Accuracy
s Liwin s
Stroke volume (mL) 58.45 58.42 5.64 - 10
Ejection fraction (%) 43.03 43.01 5.65- 10
Max pressure (mmHg) 112.5 112.3 2.18-103
Work (m)) 739.2 737.2 1.71-1073

Computational time (20 cores)

HF-EM 313 % 0.47% 83.07% 13.33 % 20h 18’

ANN-EM 41.21 % 4.80 % 254 %  51.45% 2h’' 03’

400 x speedup (force generation model)
10 x speedup (overall)

Memory usage
from 2198 (HF-EM) to 24 (ANN-EM) variables per nodal point

100 X memory saving




Dealing with non-uniqueness

Question: is the solution unique? In general, no!
Suppose that the triplet (f, g, Xo) is a solution. Let h: R" — R" be invertible and sufficiently regular.
f(x,u) = (Vho h")(x) f(h~'(x), u)
g(x) = g(h—'(x)) — ¥fex ~ Pigk
Xo = h(xo).

Idea: reduce 7, G and/or X, to rule out (or reduce) ambiguity of representation (e.g. X = hy(x) = x — Xo).

(a) Input-outside-the-state approach

min_ 35775 [ (D) - gl(0)2dt
feF,gecg

st. X;(t) = f(x;(t), uj(t), te(0,T], j=1,..,Ns
XJ(O) = 0, j = 1, ...,Ns,

(b) Input-inside-the-state approach

min 13 [ Ivi(t) — M (x () Pdt where %(x) = (x1, Xz, ..., X, )"
feFr

s.t. ).(j(t) = f(Xj(t), ﬁj(t)), t e (0,T], j=1, .., Ns
x(0) = (y},07)", j=1,..,Ns,
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A neural network based surrogate model of the LV function

py [mmHg] training dataset
100
50 -
parameter space simulation
gZM x Pe Viy [mL]
i b 2@ el
°
o o T (P, PC) 125
I ® e .I 100 . T T
e o - 50 100 150
Ol SR Y 754 . . Vi [m]
Pe, P Prv (). Vi (1)
le {0 Ttrain}
_ 8
surrogates » = for i =1,..., Nerain
7
Model Learning
( Nirain Terain
= argmin Z / Vi (1) = VRN (2! (1)) |2 dt + B|w]?
wE]RNw
) such that, for each i=1,..., Niain
dz' (1 ) :
di ) NN( (1), pL\;(t)ﬁcOb(%H—W;) sm(%);pi\/ﬁw) for t € (0, Tirain]
\ Zi(o) = Zp,

ANN-based ROM

F.. Rregazzoni, L. Dede’, A. Quarteroni "Machine learning for fast and reliable solution of
time-dependent differential equations®, Journal of Computational Physics (2019) 397, 108852
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Data-driven model of slow-scale processes

Online

Offline
% i=1i=2i=3 - Fast-scale (physics-based)
3 Training set of patients q Mathematical Model
& 5 x(0) = f(x(1),0,1), t € (0, T)
x(0) = xo,
6L (r) 0%(7) 63(7) 6% (1)
< = e = = =
Slow-scale evolution
Slow-scale (data-driven)
N q Mathematical Model
8 —0(7) =g(0(7),a), 7 € (0, 7]
@ dr
S 6(0) = 6y,
vy
Model Learning v’ Understanding

[F.R., D. Chapelle, P. Moireau, IJNBME 2021]

i=Np+1
New patient

‘x.....-.‘ 9NP+1('T), = [0' L'70bs]

Period of observation

v’ Classification
CMNP+1

v’ Prediction
oVt (1r), 7 € (7°%%, 7]
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Application to hypertension

[F.Regazzoni, D. Chapelle, P. Moireau, IJNBME 202

Slow-scale model
(synthetic)
i=1 i=2 =3 -

2

1

1 \

o \ [Slow-scale model]

50 (Data-driven)

- = v validation
Relative error: 2%

150 F
£ Fast-scale
g model
o 100
@
g Pp (measured) Pp (estimated) P d (estimated) ‘
o 50 | 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8
time [s]
) — 0.04
' ’7 Model Learning
£ %2] o 0.035
T
» 015 | c
o w — = £ 003
E 0.1 3
E 005 E 0025
a > 2
o 0 O 0.02
0 2 4 6 8 0 2 4 6 8 1
time [s] time [s] 0
v 15 — 4 2% S R~ A
E o3 Fast-scale model e ==
o A E Ll 0 _
()] E —
£ S e e 0 50 0 50 0 50
£ 1
E o5 = t t t
© 9 2 4 6 8 0 2 4 6 8 | Ry Co Ry Cq |
time [s] time [s]
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The high-fidelity cardiocirculatory model

act
[ 65 — —
reght e O : :
T[il L B.lood .
) Pc ;—rB > : circulation
: : : 0D model
RRUL | E |
cilt o
\ Lho : Vi 1 Dy

parameters _/;|_|_ :
axg Left ventricle :
of : electromechanics :
« : 3D model
c :
( dy(t
N — £iy(). pevin). tpae) for t € (0.1],
lc(t e
(((:i(t ) = f(C(t),va(t), t pC) for t € (0 T} .."E [
< ‘ Time: 0.000000 s
VIV (e(t) = Viv (v (1) for ¢ € (0,77,
Y(U) =Yo.
\ c(0) = ¢y,
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Parameters-to-Qols map: full-order model

( Eﬁﬁt \ M3D-C / MANN—C parameters-to-Qols map
ppass
Tc"éﬁntr : W Cl: pressure-volume transients quantities of interest
LA . : (Qols)
Trel : o : 100 ﬂ n — bl | 30- — ¥
pC -+3 E | \ : PLa = PRaA .
. 43 . ' I . 80 \ 2;\‘.{5 20 - — ﬁ?‘dL E&m
y . . 60 1 g$5 PUL
RPUL = _I I_ : — PVEN = PVEN max
. . 40 10 LA
PUL = .. . . pmln
. = simulation ;o - extraction Ir'n%
PUL ) : VLV . T T T T T T p X
: q LA
parameters 1404 T 1207 e
: 1 min
axg : 1207 100 pAR SVs
D : \pma" /
gf pM . 100 4 80 1 AR,SYS
o E 80 - J 60 4
¢ : I
time [s] time [s]

Computationally demanding
@ (our numerical tests: 4 hours on a 32-cores
cluster computer for one heartbeat)
Unaffordable computational costs associated with:
 Sensitivity analysis

« Uncertainty quantification
« Parameter estimation under uncertainty
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Machine Learning based emulators

explore (need for large

. . . . . . training datasets
+ P. Di Achille, A. Harouni, S. Khamzin, O. Solovyova, et al., Frontiers in Physiology 9 (2018) g )

* Y. Dabiri, A. Van der Velden, K. L. Sack, J. S. Choy, et al., Frontiers in Physics 7 (2019)
+ S.Longobardi, A. Lewalle, S. Coveney, et al., Phil. Transactions of the Royal Society (2020)
+ L. Cai, L. Ren, Y. Wang, W. Xie, et al., Royal Society Open Science 8 (1) (2021)

Fixed time horizon (cannot
«extrapolate in time»)

t
()
ppass
LA ities of i
Tcontr quantities of interest
LA (Qols)
Tl p
: Pc ( min \
y max
RPUL Via
i ~ o
Cig ' PLa,
\ Lar" ) q PLa
parameters >
pmin
axg AR,SYS
D S,
O—f ¥
P
o
C
4
surrogates .
emulator |__ __ _ -7 v/ Gaussian Process emulators (GPEs) @ Computationally
o inexpensive
v" Artificial Neural Networks (ANNSs)
—> | q v' Decision tree algorithms: K-Nearest @ Only §cala)r Qols (no
Neighbor (KNN), eXtreme Gradient transients
Boosting (XGBoost) @ Large parameter space to
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Model-Learning based emulator

( pact \ M3D -C [ Mann- C parameters-to-Qols map
Ep%AS O I CCCCIEELLLLLE
Tégntr : W Cl: pressure-volume transients quantities of interest
LA . :
Trel ll: : e : 100 ﬂ n Pl | 301 — PR (Qols)
LA pC _ + 3 E 60 \ \ Pa Pra _
. = _N_ E \ . ﬁg‘s 20 4 - ﬁ‘;‘L‘J’L ( E&m
. : . 60 SYS PUL
RPUL . _I I_ : — PVEN = PVEN Vmax
PUL 2 . 07 107 . min
. T = simulation o0 4 extraction pl’lhAaX
PUL : : T T T T
\ ) : Viv 1 P : q PLa
parameters : —/;|_|— : 107 — %" — E:C :
: — E _ min
axs : : 1201 100 \pAFIz SYS)
max
- o ot WA e
o o (Al il | o VNN
C T T
0 2 4 4
time [s] time [s]
Viv 1 v We surrogate only the Computationally
computationally demanding 3D Inexpensive
components

Provides pressures and
volumes transients

v' Lightweight 0D components are left
in high-fidelity form

P _,) ANN-based reduced ) o ) Only the parameter space
order model (ROM) 4 Evalyatlon consists in numerlcglly of the mechanical model
solving a (small) system of ordinary needs to be explored
M differential equations o )
. Possibility of performing

v" Enables real-time simulations

© OO0

simulations beyond the
training time horizon
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A neural network based surrogate model of the LV function

py [mmHg] training dataset
100
50 -
parameter space simulation
gZM x Pe Viy [mL]
i b 2@ el
°
o o T (P, PC) 125
I ® e .I 100 . T T
e o - 50 100 150
Ol SR Y 754 . . Vi [m]
Pe, P Prv (). Vi (1)
le {0 Ttrain}
_ 8
surrogates » = for i =1,..., Nerain
7
Model Learning
( Nirain Terain
= argmin Z / Vi (1) = VRN (2! (1)) |2 dt + B|w]?
wE]RNw
) such that, for each i=1,..., Niain
dz' (1 ) :
di ) NN( (1), pL\;(t)ﬁcOb(%H—W;) sm(%);pi\/ﬁw) for t € (0, Tirain]
\ Zi(o) = Zp,

ANN-based ROM

F.. Rregazzoni, L. Dede’, A. Quarteroni "Machine learning for fast and reliable solution of
time-dependent differential equations®, Journal of Computational Physics (2019) 397, 108852

S
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Viy [mL]

prv [mmHg]

testing accuracy

5 heartbeats
PRE PR VR v
relative error | 0.0097 0.0046 0.0139 0.0035
R? 09.601 99.864 99.896 09.048
10 heartbeats
PR VET
relative error | 0.0113 0.0037 0.0096 0.0031
R? 099,924 99,980 99.851 99.944
PR [mmHg]
180 _; 5 h'eartkl>eatsI I 180 _Io 5 rlweartlbeats
e 160 F® 10 heartbeats n . 165 | © 10 heartbeats
|
; 140 - Iz 150
=
g 120 . g 135

) 80 100 120 140 160 180

Test dataset #1
Same time horizon
as training dataset

Test dataset #2
Time horizon twice
as long as in the
training dataset

V& [mL]

105 120 135 150 165 180

460'000x speedup

Mzp—C Ms3p—C
model task computational platform computational time
Msp—C simulation of a heartbeat EEE 32 cores 4 hours

=== supercomputer
- . . single core
Mann—C simulation of a heartbeat I:l standard laptop 1 second
Mann training D single core 18 hours

standard laptop

g F. Regazzoni, M. Salvador, L. Dedé, A. Quarteroni, Computer Methods in Applied Mechanics and Engineering, 2022
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Trained ROMs

Parameter Baseline Unit  Description
axp 160.0 MPa Cardiomyocytes contractility
og 76.43 mms~' Electrical conductivity along fibers
Q 60.0  degrees Fibers angle rotation
C 0.88 kPa Passive stiffness
Trained model Parameters Training set size Hyperparameters
Pm J'T\"rtrain 4"\'rz 1,1\.'] ayers hrn EUTONS 3
MES [axg] 30| 2 1 8 0
MERN [ax, o, @, C] 0| 1 1 12 0.01
Testing PV-loop
single — — full
MANgN — M3D C MANN
2255 Maw—C

(1 parameter) (4 parameters)

Vi [mL]
Viy [mL]

prv [mmHg|
pry [(mmHg]

time |s]

time [s]
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125
Vry [mL]

50
Vry [mL]

100
0

10

50

[SHuur) AMd [Syuw] A¥d

o
@
(] —
=
-
=
= —
3
=
=
o —
o —_
— —
= S
c = -7
=S 83
=)
n .
o g
o E
@
o 2
@
-
= ;
=
(a N
(X0
[Sgum] ATd [Sgum] ATd

5 2

Q
(] [}
M.DN.N_. Z
— ()
£Z E =% €
< © Bapss S
= S

©
S 8 S &
/a.l\ (/.-l-\

™
N
~~
o
A
=~
(=]
o
.
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1
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—
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o
.
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Trained ROM: Qols

5 heartbeats i Test dataset #1
pw(t) V()  pivt opi VIRT VT S ime hori ining d
single relative error | 0.0336 0.0090 0.0097 00046 00139 0.0035 >amelime horizon as training dataset
.’MAI\'N _C Vs JM:_?,D—C

R2 00.601 00.864 00.806 90.048
MEL ¢ us Mapc  TOlAtIVe cTTor | 0.0620 00285 0.0517 0.0272 0.0471 0.0127
Mannt Vs Mabt - po 04370 05302 05042 07.061

10 heartheats _
pvt) Viv(e) PR pRS VE® vge  Testdataset#2

single . relative error | 0.0293 0.0071 0.0113 0.0037 0.0096 0.0031 Time horizon twice as long as in the training dataset
'EMANN _C Vs JM:SD_C

R? 99.924 09,980 99.851 99,944 . .
Mful] C vs Man-C relative error | 0.0631 0.0265 0.0442 0.0147 0.0382 0.0122 - time eXtrapOlatmn!
MANNT VS MaD pa 92.227 00.957 99.220 09.063
UM [mmHg] oREX [mmHg] ViU [mL] ViU [mL]
25 T T T T T T T T T— T T T T 1 T T T T T
® 5 heartbeats 180 ® 5 heartbeats 120 I~ @ 5 heartbeats {180 |~ @ 5 heartbeats
o 10 heartbeats ® 10 heartbeats ® 10 heartbeats o 10 heartbeats
20+ 1160 71105 4165+ -
Msing]e C vs M C
My -C vs Map-C 15 140 - -1 90 -1150 -1
(1 parameter) 120 4 75k 1135 i
- 60 .
10 100 - 120 .
80 | 1 ®r ]
5 1 1 1 1 1 1 30 Loy 105 1 1 1 1 I
5 10 15 20 25 80 100 120 140 160 180 30 45 60 75 90 105120 105 120 135 150 165 180
25 T T T 180 F1 T T T T T T T T T 7199F T T T T
® 5 heartbeats ® 5 heartbeats 120 f~ @ 5 heartbeats — ® 5 heartbeats
® 10 heartbeats ® 10 heartbeats ® 10 heartbeats o ® 10 heartbeats @
20+ 41160 71105 4165
full e AAL o
J"Z!A‘NN-C Vs MJD)-C - 140 4 0F - 150 -
4 parameters T
P 120 - 4 75F 7135 .
- 60 .
10 100 - — 120 -
80 | 1 ®r ]
5 1 1 1 1 1 1 1 P TR N TR T O 0= 1 1 1 1 I

30
5 10 15 20 25 80 100 120 140 160 180 30 45 60 75 90 105120 105 120 135 150 165 180
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Variance-based Sensitivity Analysis

Without ANN-based ROM

- -\
Msp—C
|
arameter .
P space < > Sobol indices g.. §T
: tation 1), Mg
sampling Msp—-C compu
(~10° samples) -
NP
~ —
-@ simulation of 740’000 heartbeats EE 160 cores 592’000 h (68 years)
L
With ANN-based ROM
Y Py x Pe ) <
=y " Man—C —
I o © : parameter Mo training
1 space Man—C
° o | ¢ - 3D ,
: ¢ o ! sampling < .
[ I (40 samples) m—
B S -
v
- -
parameter , .
J\/[ - Sobol indices T
space < — ~  computation Sij, S ij
(~105 samples) !
| I
- training dataset generation =5 160 cores 160 h
@ reduced-order model training [1 1core 18 h 180 h (~7.5 days)
| —
simulation of 740’000 heartbeats E 160 cores 1h 17 min

Francesco Regazzoni « BUILD-IT - 20/10/23

First-order Sobol indices:

S.. — Varpi [Epwi [qj‘p*iH
' Var [q;]

Total-effect Sobol indices:

o1 _ Ep.; [Varp, [q;|P~i]]
" Var [q;]
q;

3’300x speedup

S

F. Regazzoni, M. Salvador, L.
Dedé, A. Quarteroni, Computer
Methods in Applied Mechanics

and Engineering, 2022
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Variance-based Sensitivity Analysis (results)

N NS RN O SRS : indi
PSSR SIP S P PARSRPURYCIF SUIF S CIRY SRR SIS A S First-order Sobol indices:
| | | | | | | | | | | | | | | | |
EECAt - 0.01 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00

Vary, [Ep., [a,]p.]
ELA —0.23 0.26 0.00 0.00|0.00 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.01 0.00[0.00 0.00 S’l [ —
Tchntr - 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00[0.00 0.00 %‘ ar [qj]

T[eAl — 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00

L,
7
4,
o
-_ ,?‘?/
£

th—0.0B 0.00 0.00 0.13]|0.01 0.04 0.00 0.02 0.02]0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00(0.01 0.02

Vo,LA = 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00]0.00 0.00 0.00 0.00 0.000.00 0.00 0.7
C -0.03 0.02 0.04 0.03]|0.01 0.05 0.05 0.05 0.06]0.00 0.00 0.00 0.00]0.01 0.00 0.00 0.01 0.01]0.02 0.05 PUL PUL PUL PUL
PUL  Rpg Lar PUL  RygN Lyen
o — 0.03 0.02 0.07 0.04]0.14 0.03 0.08 0.10 0.13]0.00 0.00 0.00 0.00]/0.01 0.00 0.00 0.02 0.01]0.05 0.10 pAR AA A p\/U\‘

Of — 0.00 0.00 0.00 0.00[0.02 0.00 0.01 0.01 0.01]0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00 0.00(0.01 0.01
dxg — 0.10 0.07 0.15 0.09 0.16 0.18 0.22 0.26(0.00 0.00 0.00 0.00|0.02 0.00 0.00 0.04 0.04]0.10 0.22 0.6
ES% - 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00 0.00(0.04 0.03 0.05 0.01]0.00 0.00 0.01 0.00 0.00]0.00 0.00

—L— ~PuL PUL

: —_L— AR AR __L_ VEN VEN
Qpv =

ERS® - 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00 0.00|0.17 0.21 0.05 0.01|0.00 0.00 0.04 0.00 0.00[0.00 0.00

TEAMr — 0.00 0.00 0.00 0.000.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00
TRS - 0.00 0.00 0.00 0.00{0.00 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.000.00 0.00
tR’ - 0.00 0.00 0.01 0.00{0.00 0.01 0.01 0.00 0.00 [EWFY 0.18 [6S5|XETY 0.00 0.01 0.03 0.01 0.02]0.00 0.00

Vo,rRA —0.00 0.00 0.00 0.00]/0.00 0.00 0.00 0.00 0.000.00 0.00 0.00 0.000.00 0.00 0.00 0.00 0.00|0.00 0.00
E3S - 001 001 001 0.01]0.00 0.00 0.00 0.00 0.00]0.02 0.01 0.03 0.02[0:37 0.15 0.13 0.01 0.00[0.00 0.00

ERY® - 0.00 0.00 0.00 0.00{0.00 0.01 0.00 0.00 0.01|0.15 0.12 0.22 0.16|0.02 0.03 [ o.01 0.02|0.00 0.00

TS _ 0.00 0.00 0.00 0.000.00 0.00 0.00 0.00 0.00|0.00 0.02 0.00 0.00[0.00 0.00 0.00 0.04 0.00|0.00 0.00 0.4
TS - 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00|0.00 0.03 0.00 0.00[0.00 0.00 0.06 0.00 0.00|0.00 0.00

Vo,ry — 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00[0.06 0.03 0.00 0.00 0.00|0.00 0.00

RS —0.02 0.01 0.03 0.01[0.10 0.02 0.04 023 0.08[0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.01

CR%S - 0.00 0.00 0.00 0.00[0.01 0.00 0.00 0.05 0.01]0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00
RYERN —0.07 0.09 010 0.09]0.01 0.09 0.09 0.02 0.090.10 [030] 0.18 0.15 [0.10 [[XFY 0.16 0.24
CLR —0.00 0.00 0.00 0.00{0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00

0.00 _03

L EYRS — 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00]0.00 0.00 0.00 0.00 0.00]0.00 0.00
L\S,YE?\I — 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00]0.00 0.00 0.00 0.00 0.00]0.00 0.00
RKRL — 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00]0.00 0.00 - 02
CK%L - 0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00]0.01 0.00 0.00 0.00 0.00]0.00 0.00

R{YL —0.00 0.00 0.01 0.00(0.00 0.01 0.00 0.00 0.01|0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00|0.00 0.00
CHYL - 0.00 0.00 0.00 0.00/0.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00]0.00 0.00
LRYL —0.00 0.00 0.00 0.000.00 0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00 - 01
LEYY —0.00 0.00 0.00 0.00]/0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00|0.00 0.00 0.00 0.00 0.00[0.00 0.00

SYS SYS
LVFN RVFN

L R
PR

Rmin = 0.00 0.00 0.00 0.00|0.00 0.00 0.01 0.00 0.00]|0.01 0.01 0.01 0.01/0.00 0.00 0.01 0.03 0.00(0.00 0.00
Rmax — 0.00 0.00 0.00 0.00]0.00 0.00 0.00 0.00 0.00(0.00 0.00 0.00 0.00[0.00 0.00 0.00 0.00 0.00]0.00 0.00

vitet . TSR R o.15 [PEEICREN 0.27 [0.31 ] 0.04 0.07 0.06 0.05[0:32 0.24 0.110.03 0.14 0.26
- 00




Bayesian Parameter estimation

Without ANN-based ROM
@M X 3‘2'(3

2 Posterior distribution

"‘\/13[)_(3 = likelihood ¥
1
:(0) il > likelihood > reject McMC

—W \/13D—( - likelihood > ‘

v

N\

Francesco Regazzoni -
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| W p— -
~ —
-@ simulation of 960’000 heartbeats Ea 160 cores 768’000 h (87 years)
1 —]
With ANN-based ROM
1 @M X gzc
(ks Fnlain " Man—C —
I o © : parameter training
| / -’
o| o 0 1 space Ms3p=C J
: ° : sampling :
[ o (30 samples) ”
[ B S —— —
5'000x speedup
@M X ,@C
1+ WIS > likelihood > 2 Posterior distribution
=" | H
. |
: (0) 1 i > likelihood > reject e : -
: :ﬁ/ MR > ivetinood > # ! 4
i 1 I N
] - 1 T >
L_I______' (I S 2 =
- training dataset generation =5 160 cores 120 h F. Regazzoni, M. Salvador, L.
@ reduced-order model training 1 1core 18 h 162 h (~6.25 days) II)Vleci(:)’ p(‘j Que'lqrtetigr(ljl,l\gon;put'er
- | . , == . ethods in Applied Mechanics
simulation of 960'000 heartbeats EE3 20 cores 13 h 20 min and Engineering, 2022
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Bayesian Parameter estimation (results)

F:p+— q Parameters-to-Qols map

Qobs = F(p) + €, € ~ N(:/0,X), X =noise covariance (measurement error + model error)

Wprior(P) Prior distribution (a priori knowledge on the parameters)

Posterior distribution:

1
_‘post(p) = EN(qobs‘]:(p)v 3) _‘prior(p) , L= [ N(qobs‘}—(ﬁ)a Y) d""’prior(ﬁ)
@

Test case

Observed Qols: maximim and minimum arterial pressures

Unknown parameters: myocardial contractility, systemic arterial resistance

noise: 0ax, = 0.0 mmHg? noise: 0, = 0.1 mmHg? noise: 04, = 1.0 mmHg?
T T T T T T T T T
—— 90% credibility region —— 90% credibility region —— 90% credibility region
300 - % True value T I~ Y Truevalue . I~ s Truevalue N
. 275F - o - - -
o
& 250 - - - - -
iy
= 225F - B - = -
g
S 200+ - = - = -
C
S
\ *
150 - - B - - -
1 1 1 1 1 1 1 ] 1

050 055 060 065 070 050 055 060 065 070 050 055 060 065 070
systemic arterial resistance (RR}>)  systemic arterial resistance (R3%°)  systemic arterial resistance (R3%>)
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Universal Solution Manifold Networks (USM-Nets)

Universal coordinates system

= =<
< | R UC-USM-NET
dg X _
— . / —_— == S e
0 Py 1, NN |§| ~u(x; p,, Q) —C —ﬁg \
B { J<’:
Hp-y i .
. . . . [ — | veloaty
: : : : : : + ; 1 0 5 lp 15. 20 25 30
& ® + : & ° | | + velocity magnitude [cm/s]
i : | : : T
L] & L] + 1 1 1 1 1
. i I I i ¢ I i I |
velocity | Configurations: | ! ; ' ! !
Model o : © 6 landmarks : : . @ + !
00350  memmm— UMt | cezsbnamars | | L+ 4
g 003257 T UCUSMe 0o o5 10 15 20 25 30 35 40 [EEEEEEEESG———] PrESSUre
E 0.0300 - 0.0 0.1 0.2 0.3 0.4 0.5 0.6
=]
%’ ¢
0.0250 A
2 i
3 0.0225 -
¢ >
0.0200 - é : : _IQ
0.0175 - : ;
6 landmarks 26 landmarks
F. Regazzoni, S. Pagani, A. Quarteroni. “ASME Journal _C { :

of Biomechanical Engineering, 2022
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